We consider \geometric" scattering for a Laplace-Beltrami operator on a compact Riemannian manifold inserted between two half-lines. We discuss applicability and correctness of this model. With an example, we show that such scattering problem may exhibit unusual properties: the transition coe cient has a sequence of sharp peaks which become more and more distant at high energy and otherwise turns to zero.
Introduction
In this paper we consider certain boundary value problems, namely, the one-dimensional scattering on two-or three-dimensional compact Riemannian manifolds. The motivation for studying these problems is twofold. The rst comes from the paper of J. Avron, P. Exner and Y. Last 2] , who dicussed the problem of approximating the scattering properties of 0 -potential by certain graphs. By 0 -potential we mean the boundary condition of the type u 0 (+a) = u 0 (?a); u(+a) ? u(?a) = u 0 (a) imposed on the functions from the domain of the operator at the given point a. We recall that for one-dimensional scattering on the line on a su ciently rapidly decaying potential, it is typical that the transition coe cient one on a certain scale of energies related to the size of the channel in a real problem.
The paper is organized as follows: in Section 1, we formally de ne the Laplace operator on our domain and discuss natural restrictions and choice of the boundary conditions. In Section 2, we compute the transition coe cient in a general situation. Section 3 is devoted to a speci c example, when we take a sphere as a manifold.
Setup of the problem
We would like to consider a scattering problem for a Laplacian on the compact smooth Riemannian manifold M inserted between two half-lines R + and R ? : We will assume, unless stated otherwise, that M is a C 1 manifold without boundary. Let x 1 ; x 2 be the points at which the half-lines join the manifold: x 1 = R ? \ M and x 2 = R + \ M: We denote by the union R ? R + M: ? M will stay for the Laplace-Beltrami operator on M and D for the operators of double di erentiation on R with Dirichlet boundary conditions at x 1 or x 2 correspondingly. To de ne a Laplace operator on the domain ; we proceed in a classic way: rst de ne some symmetric operator given by the di erential expression of Laplacian on the set of in nitely di erentiable functions vanishing in the neighborhood of the special points x 1 ; x 2 and then consider its self-adjoint extensions. Namely, on the set of functions Hence, 0 acts as a double di erentiation operator on half-axes and as a Laplace-Beltrami operator on M: The closure of this operator 0 is clearly symmetric but not self-adjoint.
Among the obvious self-adjoint extensions of 0 is the operator D ? ? M D + ; and the operators with other than Dirichlet boundary conditions at x 1 ; x 2 ; but still without interaction between half-lines and the manifold. We are of course interested in the Laplacians on not splitting into a direct sum with summands acting on di erent geometric components. Therefore, we look for some boundary conditions at the points x 1 ; x 2 other than leading to orthogonal sums. The range of the applicability of our model is given by the following in such situation may be found, for example, in 5]. We will not be concerned here with studying the properties of all possible boundary conditions. Our main goal in this paper is to try to give some interesting examples, rather than to present a complete study of the model. We will consider the following family of boundary conditions:
Our family depends on two parameters and 0 : It would be reasonable to denote the selfadjoint operator de ned by (4) as ( ; 0 ): Since, for our purpose, virtually all essential properties of this family of the operators will turn out to be independent of and 0 ; we will often omit these indices and talk about : Remark. We note that the family of boundary conditions (4) is natural in the following sense. In 8], following the scheme introduced above, the Neumann Laplacian on a \dumbell" domain, composed from two disjoint regions in R n ; n = 2; 3; connected by segment, was studied. It is known that in the corresponding \real" problem for the Neumann Laplacian on the dumbell domain D ; composed from two regions 1 ; 2 connected by a thin channel Now we are done with all the formal preparations and we are ready to study the scattering properties of the system. For the reader's convenience, we summarize the given information about the operator ? we consider: 1. ? is de ned on the functions f which have the representation (2) with the coecients which satisfy (4). Let us arrange the eigenvalues of ? M in increasing order counting multiplicities. We will denote the n-th eigenvalue n and the corresponding eigenfunction n (x): The following are the key expressions which naturally enter the calculations and contain all the necessary spectral information about the operator ? M :
Henceforth we will assume that is di erent from any of n : For such values of ; the expressions above are well-de ned. The treatment of the eigenvalue frequencies presents purely technical di culties; we will de ne the values of the transition coe cient t( n ) by continuity.
We need the following lemmas: 
The coe cients in the formula above should be chosen in order to satisfy the boundary conditions (4).
Proof Then q(x) also satis es equation (5) Now we compute the matrix L( ); using the representation (6) and boundary conditions (4). Substituting (6) into (4) 
we nd that
To evaluate the transition coe cient t( ); we seek the solutions f(x; ) of equation (5) 
The sphere example
In this section we will study the transition coe cient in the particular situation when the manifold M is a two-dimensional sphere with radius one. We assume that the half-lines R are joined to M at the opposite points x 1 ; x 2 : We will use the following well-known information about the eigenvalues and eigenfunctions of the Laplace-Beltrami operator on the sphere: Hence, all the eigenfunctions which correspond to the index m 6 = 0 vanish at the points x 1 and x 2 and therefore need not be taken into account. The key expressions h( ) and g( ; 0 ) do not depend on the eigenfunctions which vanish at the joint points (we note that in our case because of the symmetry g 1 ( ; 0 ) = g 2 ( ; 0 ); henceforth, we may denote this function by g( ); not showing explicitly dependence on 0 ). Therefore, the \input" spectral information for our particular example is as follows: Remark. We note that due to the symmetry of the problem we can view our construction as a coupling of two half-lines to the singular Sturm-Liouville operator on the segment (which in our case is given by the Lagrange di erential expression). Indeed, the Laplace-Beltrami acting on the subspaces of the functions of type f(x) exp( m ): When m > 0; due to the singularity of the potential these operators are limit point at the end points 1 and hence may not be coupled to the half-lines. The author is grateful to Professor P. Exner for this remark.
Now we prove several technical lemmas which describe the behavior of the functions h and g at high energies. First, let us write an explicit formula for these functions in the sphere case:
h( ) = 1 4 Proof. The proof is straightforward. We compute that j(2l + j)(2l + j + 1) ? j 2 :
All terms in the last sum are positive. Estimating the minimum of the sum of the two terms closest to the given ; we obtain the statement of the lemma. (1); (10) with O(1) being uniform for all 2 R + :
Proof. We need to estimate the sum (8) This proves the lemma. 2 so that we can replace the cumbersome singular terms which we have in a formula (9) for g by the ones we use in (11) . To see the behavior of the rest of the sum for g; let us split it into two groups: The function g ? is a negative part of the summands in a sum (9) for g; while g + is a positive part. The following estimate is standard:
Indeed, we can estimate the series for g ? by the integral from above and below, depending on whether we include or omit several summands which are of order O(1) uniformly in :
We can further simplify the expression (12) which is easy to verify keeping in mind that 0 is a once and for all xed negative number.
The latter integral may already be estimated by easily computable integrals: It is easy to conclude from the calcualtions that the O(1) in the last formula is uniform in : Together with the expression for g ? ; the last formula concludes the proof of the lemma. One has to add the asymptotic expressions for g ? and g + and remember about the 1 4 ; which we omitted in the series for g : 2 Remark . One can notice that the asymptotic in high energy behavior of the function g; with two terms singular on the given energy omitted, is identical to the behavior of the singularity of the Green's function in space (as a coordinate x turns to the singular point x 0 ; G(x; x 0 ; 0 ) = ? 1 2 log jx ? x 0 j + O(1)). Intuitevely, by scaling argument, similar relation may also be true in more general situation.
Now we have all the necessary tools to study the transition coe cient t( ): The formula (7) for t( ) suggests that one can expect the decay of transition coe cient as ! 1: Indeed, the highest power of in the denominator is one, while in the numerator we have only p :
However, h and g may have singularities, which might dominate any -growth at certain intervals. Also, g 2 ? h 2 may have zeroes, which will kill the -growth for some energies. The composition of all these factors shapes the benavior of t( ):
The following lemma describes the zeroes of the expression g 2 ? h 2 :
Lemma 3.4. For l su ciently large in each interval (l(l ? 1); l(l + 1)); there exists a unique number l such that g 2 ( l ) ? h 2 ( l ) = 0: The position of l satis es the condition l(l + 1) ? l = 2l(log l) ?1 (1 + o(1)): (13) Proof. g 2 ? h 2 = (g ? h)(g + h): Using the formulas (10) and (11) it is easy to check that for l large enough, the function g ? ( Proof. Suppose that lies in K l; \ (l (l ? 1); l(l + 1) In the second inequality we used the asymptotics (10) and (11) of the functions h, g and in the last inequality we used that is shifted from the root l by more than ( )(log l) ?2 and the fact that since jh( l )j = jg( l )j and (13) together with the representations (11) and (12) allow us to compute the order of their common value. 2
We note that varying the function (x); we get di erent pictures: if we take ; for example, to be equal to log x; we have peaks in the intervals of size (log l) ?1 around l and the decay of t( ) proportional to (log( )) ?1 for the rest of the energies. Taking (x) equal to x(log x) ?1 ; we get the decay of t( ) on K proportional to ( p ) ?1 ; but now the segments we had to exclude are not small: they are of the size l(log l) ?1 on the intervals (l(l ? 1); l(l + 1)) and hence may be considered \small" only relatively. These two choices characterize to a certain degree the properties of the transition coe cient at high energies: the sharpness of peaks and the regions of fast decay.
